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ABSTRACT. We discuss hamiltonian structures of the Gelfand-Dorfman com- 
plex of projectable vector fields and differential forms on a foliated manifold. 
Such a structure defines a Poisson structure on the algebra of foliated func- 
tions, and embeds the given foliation into a larger, generalized foliation with 
presymplectic leaves. In a so-called tame case, the structure is induced by a 
Poisson structure of the manifold. Cohomology spaces and classes relevant to 
geometric quantization are also considered. 



1 Preliminaries 

Let 5 be a moving body with supplementary physical characteristics, ex- 
pressed by scalar parameters, which have no impact on the motion but de- 
pend on the latter. For instance, the temperature of a rigid body which 
moves with high friction. 

The mathematical model of such a system will consist of a configuration 
space which is an s-dimensional differentiable manifold N endowed with a 
p-dimensional foliation Q such that the supplementary parameters are the 
coordinates along the leaves of Q, and the position coordinates are constant 
along these leaves. Then, the phase space of S will be the total space M 
of the annihilator bundle v*Q C T*N of the tangent bundle TQ, and M is 
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endowed with the natural lift T of Q, which is such that the leaves of T are 
covering spaces of the leaves of Q (e.g., see 0). 

Since the motion does not depend on the supplementary parameters, the 
hamiltonian function H of the system will be a T-foliated function on M i.e., 
a function which is constant along the leaves of T. On the other hand, since 
we want the motion to determine the time evolution of the supplementary 
parameters, we should be able to define the hamiltonian vector field of H as 
a foliated vector field on the phase space of S. 

Therefore, (M, J 7 ) should be endowed with a generalized hamiltonian 
structure that prescribes foliated hamiltonian vector fields to foliated func- 
tions. The aim of this paper is to initiate the study of such hamiltonian 
structures. 

The generalized hamiltonian structures we need may be defined within 
the general Gelfand-Dorfman scheme of hamiltonian structures on complexes 
over a Lie algebra [[1], |2]. For convenience, we refer to such complexes as 
Gelfand-Dorfman complexes and recall their definition below. 
Definition 1.1 A Gelfand-Dorfman complex consists of: 

i) a real Lie algebra (%, [ , ]); 

ii) a cochain complex of real vector spaces 

oo 

C = (0 tt k , d : tt k -> tt k+1 , d 2 = 0); 

iii) mappings X \— > i(X) G L R (Q k , fi fe_1 ), := 0; := denotes a definition), 
defined for all X G x an d k — 0, 1, 2, . . ., such that 

a) if a G fi 1 and i(X)a = for all X G x then a = 0; 

b) if L x := di(X) + i{X)d then 

(1) i(X)i(Y) + i(Y)i(X) = 0, i([X, Y]) = L x i(Y) - i(Y)L x . 

Usually, one says that C is a complex over x, and the mapping X i— > i(X) 



encountered in Definition 1.1 may be seen as a representation ofx on C. This 



mapping also defines a pairing 

< a, X >=< X, a >:= i(X)a, iG^aGfl 1 , 

and, in particular, one denotes Xf :=< df,X >, / G Q°,X G X- 
A linear mapping H G L^Q 1 , x) is said to be skew symmetric if 

(2) <a,H(3>= - < P,Ha>, Va.^eO 1 . 
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The hamiltonian structures of a Gelfand-Dorfman complex are defined by 
generalizing the notion of a Poisson bivector (e.g., [[11]]). For this purpose, 
one notices that the formula |I], |2| 

(3) [H,K\{a,P,i):= J2 {<KL Ha P,-y> + <HL Ka p,>y>}, 

Cycl(a,f3,l) 

where H,K G Lr($7 1 ,x) are skew symmetric and a, f3, 7 G fi 1 , may be seen 
as defining a bracket 

GW((fi 1 ) 3 ,fi°), 

which is a generalization of the Schouten-Nijenhuis bracket of bivector fields 
on manifolds. We call the bracket (|3|) the Gelfand-Dorfman bracket. Then, 
one defines 

Definition 1.2 A skew-symmetric homomorphism H G L^Q 1 ^) which 
satisfies the Poisson condition [H, H] = is called a hamiltonian structure 
on the Gelfand-Dorfman complex (X)C). 

For a hamiltonian structure one defines the following generalizations of 
classical notions: 

i) V/ G Q°, Xf := H(df) G x is the hamiltonian vector of /; 

ii) Wf,g G Q°, {f,g} '■= Xjg is the Poisson bracket; this bracket is skew- 
symmetric because of (^),and it satisfies the Jacobi identity because (|3|) yields 

[H,H}(df,dg,dh) = 2 {{f,9},hh 

C'ycl(f,g,h) 

iii) Va,/3 G fi 1 , one has a Q l -bracket 

(4) {a, /?} := Lna/3 — Lupct — d < Ha, (3 >, 
with the particular case 

(5) ' {df,dg} = d{f,g}. 

The ^-bracket (§) may be defined for any skew-symmetric mapping H G 
£r(^\x)? an d it satisfies the following fundamental identities 0, |T2[ 

(6) < 7, 13} >=< 7, [#a, ff/3] > +-[#, if] (a, /3, 7), 



3 



(7) Yl <{{a,P}, 1 },X>=[H,L x H)(a,{], 1 ) 

+\ [#,#](a,/3,d<7,*>), 

1 Cycl(a,P,j) 

where a, j3, 7 G ft 1 , X G x> an d 

(8) L x H(a) := [X, //a] - H(L x a). 

In the Hamiltonian case [H, H] = 0, it follows from (^) that the Q 1 - 
bracket is a Lie algebra bracket. Furthermore, under the supplementary 
regularity hypothesis: if Va G H 1 < a,X >= then X = (X G x), if is a 
homomorphism of Lie algebras i.e., 

(9) H{a,(3} = [Ha,H(3]. 

On the other hand, even without the regularity hypothesis, (H) shows that 
if we ask H G L R (r2 1 ,%) to be skew symmetric and satisfy (|), H is a 
hamiltonian structure. 



2 Hamiltonian structures of foliations 

With the motivation of Section 1 in mind, let us consider an arbitrary n- 
dimensional differentiable manifold M (in the present paper "everything" 
is of differentiability class C°° ) endowed with a p-dimensional foliation T . 
An object of M that projects to the space of the leaves of JF is called either 
projectable or foliated. We refer the reader to [0] for all the notions of foliation 
theory which we are going to use. 

The Lie algebra \t of the jF-foliated vector fields and the complex of 
projectable differential forms Vtjr = 0^ =1 Qfjr (q := n — p), with the usual ex- 
terior differential and contraction operators i{X), X G Xt-, define a Gelfand- 
Dorfman complex associated with the pair (M, J 7 ). One might consider gen- 
eral hamiltonian structures on this complex, but, such a structure may have 
a non-local character. We avoid non-locality by 

Definition 2.1 A hamiltonian structure on (or of) the foliation T is a vector 
bundle morphism h : v*T — ► TM {yT = TMjTT is the transversal bundle 
of J 7 ) such that the induced map of cross sections H : — > x(M) (x(M) is 
the space of all the tangent vector fields of M) is a hamiltonian structure of 
the Gelfand-Dorfman complex of (M, T). 
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In particular, Definition [2.1| implies that the morphism h is skew sym- 
metric (i.e., it satisfies @ pointwisely) , and that the values of the mapping 
H are in \t- 

Example 2.1 Any skew symmetric h G L-&(v* T ,T F) may be seen as a 
trivial hamiltonian structure of the foliation T . Indeed, formula (|j) shows 
that [H, H] = if the values of H are vector fields tangent to JF 



Example 2.2 Let P be a Poisson bivector field on the foliated manifold 
(M, .F), such that for any foliated function / G the hamiltonian vector 
field Xf is a foliated vector field. Then, h := $ P \ v *r (Hp : T*M -> TM, 
< |pat, /3 >:= P(ot, /3)) defines a hamiltonian structure of the foliation T . 



Example 2.3 A bivector field P is called a transversal Poisson structure of 
JF if the bracket 

{f,g}:=P(df,dg) (f 7 g G C°°(M)) 

makes fi^r a Poisson algebra 0. In this case, again, ft, := tjp|^*^ is a hamil- 
tonian structure of T . Moreover, for any hamiltonian structure h of T and 
any choice of a decomposition TM = E © TJF, the bivector field P defined 
by 

is a transversal Poisson structure of T . 



We also show how to express hamiltonian structures of a foliation JF by 
means of adapted local coordinates (x a ,y u ), where a = l,...,q;u = q + 
1, ... ,n, and x a = const, are the local equations of JF. In order to get an 
expression by tensors, we fix a decomposition TM = E © TjF where || 

(10) £ = span{X a := ^ - TT = span{ — }, 

for some local coefficients t" and with the Einstein summation convention. 
The local bases of TM defined by (fL0|) have the dual co-bases 

(11) dx a , e u : = d y u + ty x a , 
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and v*T = span{dx a } . 

Then, a skew-symmetric morphism h : v*T — > TM has local equations 

(12) h(dx a ) = h ab X b + k°" ° 



QyU 



The components h ab define a global cross section W of A 2 E, therefore, a 
global cross section of A 2 zaF, which is independent on the choice of E, and 
the components k au define a global cross section of E ® TT . The following 
assertion is obvious 



Proposition 2.1 The morphism h defined by ([12]) is a hamiltonian structure 
of T iff the cross section W with local components h ab is foliated and defines 
a structure of Poisson algebra on Qj?. 

The Poisson bracket defined by W on Qjr is of the local type, and it has 
the following interpretation. Let U be an open neighborhood of M such that 
the manifold N of the slices of T in U exists, and let p : U — > iV be the 
natural projection (constant along the slices of T in U). Then htf{p(xf) : = 
p*(x)o(h\u(x))op*(p(x)), x e U, is the morphism §p N of a well defined Poisson 
bivector field Pjy on N, which defines the same local Poisson brackets as W. 
(/ijv is we ll defined since the values of the mapping H defined by h are foliated 
vector fields.) 

Furthermore, any Poisson algebra structure of local type on fi^r is defined 
by a family of foliated hamiltonian structures on T . Indeed, the required 
structure is equivalent to a foliated section W of A 2 I/ (^ r ), which satisfies the 
Poisson condition [W, W] = 0. Choose a decomposition TM = _E©TjF, and, 
Va G define h(a) to be the unique vector of E with projection ft^a on 
vT . Since by @ 

[H, H] (a, (3, 7 ) = [W, W] (a, (3, j) {a, /3, 7 G O^) , 

/i is a hamiltonian structure of JF, and /i induces W. 

More exactly, if /io is one of the foliated hamiltonian structures which 
define W, the whole family which defines W is ho+k, where k G Lr,(z/*JF, TJF) 
is skew symmetric. This holds since for any hamiltonian structure h of T 
and any skew symmetric k G L-^{u* T , T 'JF) , the corresponding morphisms 
if, of global cross sections satisfy the relation [H, K] — (see @). 
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Proposition 2.2 For any hamiltonian structure h on a foliation T , the gen- 
eralized distribution TC : = TT + TCq (Ho '■= imh) is a projectable, completely 
integrable distribution, and its leaves are presymplectic manifolds with kernel 
TT. Furthermore, h(axmTTC) = TCo D TT (ann denotes the annihilator of a 
vector space or bundle). 

Proof. We continue to use the previous notation. Let xq G U C M where U 
is a neighborhood such that T\u has a g-dimensional, transversal subman- 
ifold N. Since the projection p is a submersion, if L p r xo ^ is the symplectic 
leaf of the Poisson structure Pn through p(xo) G N, L Xo := p _1 (L Xo ) is an 
integral submanifold of TC through xq. The existence of these integral sub- 
manifolds shows the complete integrability of TC. Projectability follows from 
the fact that TC is spanned by the projectable vector fields H(a), a G f^, 
and TC projects onto the symplectic distribution of Pn- The lift of the sym- 
plectic form of Lp( Xo ) by p* yields the required presymplectic form of the 
corresponding leaf of TC. Finally, notice that a G ami 7-^ iff a — p*(A) for 
some A G kerfjp^, and then p*h(a) = 0. This implies h(amaTC) C TCq HTJ 7 . 
On the other hand, if h(a) G TjF, we must have a = p*(A) where A G ker § Pn , 
and this justifies the converse inclusion. (All these also follow immediately 



from the local equations (12) of h.) Q.e.d. 

The distribution TC will be called the characteristic distribution of the 
hamiltonian structure h, and its leaves constitute the presymplectic foliation. 
The hamiltonian structure h of the foliation T on M will be called transitive if 



the characteristic distribution is TC = TM. In this case, Proposition ^]2| tells 
us that M is a presymplectic manifold with the kernel foliation T, and that 
TM = TCq © TT . The latter equality also shows that the corresponding local 
Poisson structures Pn are the symplectic reduction of the presymplectic form 
of M. Conversely, if M is a presymplectic manifold with the presymplectic 
2-form a, and if E is a complementary distribution of the kernel foliation 
T of a, there exists a well defined, transitive, hamiltonian structure h of T 
such that TCo = E and the local Poisson structures Pn are the symplectic 
reductions of a. 

Example 2.4 Let TC be a coisotropic foliation of dimension n + k (k < n) of 
a symplectic manifold M of dimension 2n, with the symplectic form uj. It is 
well known that the cu-orthogonal distribution of TC is tangent to a foliation 
J 7 , and that, Va; G M, there exist local coordinates (x a , x u , y l ) around x such 
that a = 1, . . . ,p := n — k, u = p + 1, . . . , n, i = 1, . . . , n, x a = const, are the 
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local equations of 7i, and the symplectic form has the canonical expression 



(13) uj = Y,dx a Ady a + J2 dx u Ady u . 

a=l u=p+l 

(This result is a Lie's theorem 0].) The local equations of the foliation 
T are x a = const., x u = const., y u = const,, and the computation of the 
hamiltonian vector field X^ of an jF-foliated function (via (13)) shows that 



Xj is an ^-"-foliated vector field tangent to the leaves of 7i. Therefore, h :- 
—\>Z 1 \f*^ r i s a hamiltonian structure of the foliation T with the presymplectic 
foliation 7i. Moreover, in this case we have TT C 7i . 



Example 2.5 Example [2.4| can be generalized as follows. Let (M,u) be 
an almost symplectic manifold (i.e., we ask uj to be non-degenerate but not 
necessarily closed) , and let 7i be a coisotropic foliation such that the pullback 
of u to every leaf of TC is closed on the leaf. Then formula (|T3|) is to be 
replaced by 

p n 

(14) uj = ^2 dx a A zu a + Yl dx u Ady u , 

a=l u=p+l 

where vj a are linearly independent, local, 1-forms which contain only the dif- 
ferentials dy a . Now, we obtain the foliation T and its hamiltonian structure 
h in the same way as in the symplectic case. 

We finish this section by a remark about the chosen definition of the 
notion of a hamiltonian structure on a foliation. 

If we start with the physical motivation of Section 1, and do not think of 
Gelfand-Dorfman complexes a priori, the natural definition of a generalized 
hamiltonian structure (g.h.s.) that suites the problem is that of an R-linear 
morphism of sheaves 

(15) f„X f , 

(underlining means passing to germs of the corresponding type of objects), 
such that the bracket defined by 

(16) {f,g} = X f g, f,ge^, 
makes f]^ a Poisson algebra sheaf. 
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In particular, the action of a hamiltonian vector field Xf on foliated 
functions g G depends only on the first jet j 1 f . This is not enough to 
ensure that the g.h.s. has local type. A natural condition for the latter 
property is to ask Xf = for all / G fl^ such that j\f = at each point x G 
M. If the g.h.s. structure $ satisfies this locality condition, $ is completely 
defined by local vector fields 

(17) X x a = h ab X b + 9 



that satisfy the conditions of Proposition |2.1| . 

Therefore, the generalized hamiltonian structures of local type are exactly 
the hamiltonian structures of foliations which we defined earlier. 



3 Tame hamiltonian structures 

The Gelfand-Dorfman complex of a foliation does not satisfy the regularity 
hypothesis formulated at the end of Section 1. The equality < a,X >= 
0, Wa G f^-, only implies X G TTjF (r denotes the space of global cross 
sections). Therefore, (|), or the equivalent property 

(18) X {f>g} = [X f ,X g ], Vf } gen% 

obtained by taking a = df,/3 = dg, f,g G in (||), may not hold, and we 
shall define 

Definition 3.1 A skew symmetric morphism h : z/*jF — > TM which satisfies 
condition ([18]) is a strong hamiltonian structure on T . 



Remark 3.1 If h is a strong hamiltonian structure, the sheaf v*T has a 
natural structure of a sheaf of twisted Lie algebras || over (R, Sl%), with the 
action of germs a G v* T defined as the action of H(a). 

Formula (|6]) shows that a strong hamiltonian structure is hamiltonian. 
The hamiltonian structures indicated in Examples |2.2| and |2.4] are strong 



but, this is not necessarily true for Examples and [2.5| . If h is a strong 
hamiltonian structure, the generalized distribution Tio = imh is involutive. 
Conversely, if Tio is involutive and if Ti.Q H TJF = 0, h is a strong hamiltonian 
structure (use @). These facts suggest 
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Definition 3.2 A hamiltonian structure h of a foliation T is transversal 
(to JF) if there exists a differentiable complementary distribution E of T.F 
(i? © TJF = TM) such that Ho ^ -E- The distribution E will be called an 
image extension of /i. (It is possible to have more than one image extension.) 
A transversal hamiltonian structure of T is a tame structure if all the brackets 
of differentiable vector fields that belong to Ho are contained in an image 
extension £".(In the tame case, only such image extensions will be used.) 

A tame hamiltonian structure is strong (see (|G])), and a transversal, strong 
hamiltonian structure is tame. The condition Ho^TT = 0, which is implicit 
in the definition of transversality, is equivalent to /i(annH) = and also to 
the fact that the rank of the morphism h is equal to the rank of the Poisson 
structures induced by h on the manifolds of local slices of T . (See Proposition 



272] and formula (|T2|). This condition is not enough for transversality. Indeed, 
there always exists a smallest regular distribution Ho which contains the 
generalized distribution Ho but, we may have Ho H TT ^ 0. 

Example 3.1 Let TM = F © F' be a locally product structure on the 
manifold M, and JF the foliations tangent to F. Assume that one has a 
Poisson algebra structure of the local type on Q^. Then, the hamiltonian 
structure h which induces the former and has its hamiltonian vector field in 
F 1 is tame. Indeed, F' is an image extension of h of the kind required for 
tame structures. Notice also that a transitive, tame, hamiltonian structure 
must be of the locally product type shown in the example. 

Proposition 3.1 Let h be a transversal hamiltonian structure of the folia- 
tion T with image extension E. Then h is tame with image extension E iff 
the Nijenhuis tensor Ne of the projection pe '■ TM — > TM ofTM = £"©TJF 
onto E satisfies the condition 

(19) N E (ha, hp) = 0, Va, (3 G v* x T , Vx G M. 



Proof. Following the general definition of a Nijenhuis tensor e.g., 0, |13[ and 
since p\ = Pe, for A, Y G TTM, one has 

(20) N E (X,Y) = [peX 7 p e Y}-pe[peX,Y] -p E [X,p E Y] +p E [X,Y]. 



Consider the local equations (|Tj) of h using an image extension E, which 
implies that k au = 0. Then, h is tame iff 

H(dh ab ) = [H{dx a ),H{dx% 
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which is equivalent to 

(zl) /?- ri r ce = U, r„ p := — — \-t r — t e — — . 

v ' ce dx e dx c c dy v e dy v 

The invariant meaning of ( f2~l|) is exactly (0). Q.e.d. 

In the case of a transversal hamiltonian structure liona foliated manifold 
(M, T) it is possible to extend the hamiltonian formalism in a way similar 
to what was done for presymplectic manifolds in M. 

Let us recall that, if (M, J 7 ) is a foliated manifold and if E is a com- 
plementary distribution of TjF, the use of the local bases (PH|), ( |TT| ) yields 
a bigrading of tensor fields and differential forms, with the convention that 
the first degree is the .E-degree and the second is the T^-degree ||. For hi- 
st differential /c-form is of bidegree (s, t) if its local expressions contain 
s forms dx a and t forms 9 U (s + t = k). Then, one has a decomposition 

(22) d=^i,o)+4.i) +9 (V-D' 
and d 2 = is equivalent to 

d" 2 = 0, d 2 = 0, d' 2 + d"d + 9c/" = 0, 

(23) 

d'd" + d"d' = 0, dd! + d'9 = 0. 

Now, we return to the transversal hamiltonian structure h of J 7 , and fix 
an image extension E of h. Then the corresponding section mapping H is 
well defined for any differential form a G Q,( 1,0 '(M) of bidegree (1,0), and 
Ha G TE. For any differentiable function / G C°°(M), we can define the 
hamiltonian vector field X'j G TE by 

(24) X; = H(d'f) 

and V/, p G C°°(M) we get an extended Poisson bracket 

(25) {/, g}' := X)g =< Hd'f, dg >=< Hd'f, d'g >= -{g, /}'. 
Furthermore, if X G TE and a G fi (1 ' 0) (M), (^) leads to 

(26) Lxd = L' x a + L" x a, 
where 

(27) L' x = i(X)d' + d'i(X), L" x = i(X)d" + d"i(X). 
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Accordingly, it is possible to extend the Gelfand-Dorfman bracket (^) to 
arbitrary (l,0)-forms a,/?, 7 by 

(28) [H, K]'(a, (3, 7) := £ {< KL' Ha f3, 7 > + < HL' Ke fl, 7 >}, 

where H, K are defined by skew symmetric morphisms h, k : v*T — > E. 
A straightforward computation shows that the extended bracket is trilinear 
over C°°(M), and for a hamiltonian structure h we have [H, H]'(a, (3, 7) = 
for any a,/3,7 G fi (1 ' 0) (M). 



In particular, using fl2q) , (]27|), one gets 
(29) [H, H)'(d'f, d'g, d'k) = 2 £ [{{/, g}', k}' + d> 2 f(X>, X' k )} = 0. 

Cyd{f,g,k) 



Proposition 3.2 If h is a tame hamiltonian structure on (M, J 7 ) the Pois- 
son bracket { , }' defines a Poisson structure on the manifold M. 

Proof. For any foliation and any choice of a complementary distribution E 

one gets 

(30) d ,2 f(X, Y) =< d"f, N E (X, Y) >, V/ G C°°(M), VA, Y G TE, 
where N E is the Nijenhuis tensor (|20|). Indeed, if X, Y G TE, ( p0|) yields 

(31) N E (X,Y)=p T AX,Y], 

where pxr denotes the projection onto the second term of the decomposition 
TM = E © TT. On the other hand, 

d' 2 f(X, Y) = d(d'f)(X, Y) = XYf - YXf- < d'f, [A, Y] > 

= [X,Y]f - (p E [X,Y])f =< df lVTr [X,Y} >=< d"f,p TT [X,Y} > . 



Thus, (gOj) is justified, and the conclusion follows from the characterization 
(|T9| ) of the tame hamiltonian structures and formula (|29|). Q.e.d. 

Theorem [O tells us that a tame hamiltonian structure h is defined by a 
usual Poisson structure P on the foliated manifold (M, T\ The hamiltonian 
vector fields of foliated functions with respect to h coincide with those with 
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respect to P, §p\e* = h and ttplr*^ = 0- Thus, the tame hamiltonian struc- 
tures are included in Example [2.2| . But, not all the structures of Example 
p.2| are tame. 

Similarly, it is possible to extend the bracket (|J) of foliated 1-forms to 

any a, (3 E fi^M) by 

(32) {a, P}' := L' Ha (3 - L' Hf3 a - d! < Ha, (3 > . 
From (0), it follows that Vf,g G C°°(M) one has 

(33) {fa, g(3}' = fg{a, (3}' + f{H{a)g)(3 - g{H{(3)f)a. 

In particular, we see that the bracket (|32|) is skew symmetric because it is 
such for foliated 1-forms, where it reduces to ([J). 

Let us also evaluate the bracket (^) on an argument X e YE. First we 
define L' X H e L n (n^(M), YE) by 

(34) L' x H{a) := p E [X, H(a)} - H{L' x a). 

Taking the derivative of (0) in direction X, and with the decomposition (p6|). 
we see that L' X H is skew symmetric. Then, if the derivatives V of fl32| ) are 
replaced by L — L" one gets 

(35) {a, (3}'(X) = H(a)i(X)f3 - H([3)i(X)a- < a, L' x H{0) > . 
In particular, if a = d'f, (3 = d'g fl35|) yields 

(36) {d'f, d'g}' = d'{f, g} + L x ,d"f - L x ,d"g. 

The result follows by an easy computation which takes into account the fact 
that the space of (1, 0)-forms is the annihilator of E. 

If L x ,d"f = \/g e C°°(M), we will say that / e C°°(M) is a distin- 
guished function [[J, and we will denote by the space of distinguished 
functions. For instance, any foliated function is distinguished but, not con- 
versely. By separating the (1, 0)-term and the (0, l)-term in the definition of 
a distinguished function, we see that / G iff: a) d'f is a foliated 1-form, 
and b) TC C ker d' 2 f. Formula (^) shows that the extended Poisson bracket 
of distinguished functions satisfies the Jacobi identity, and a) implies that 
{f-iQ}' £ ^ yfi9 £ Therefore, is a Poisson algebra and Q^r is an 
ideal of the former. Furthermore, ( Pop implies 

(37) {d'f, d'g}' = d'{f,g}', V/,seQ°, 
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and, if we take f,gett d ,ke C°°(M) in @ and use ([TT]), we get 

(38) X[ M ,=p E [X' f ,X>] f,geSP d . 

Proposition 3.3 Let h be a tame hamiltonian structure of the foliation T , E 
an image extension of h, and P the Poisson structure defined by the brackets 
{ , }'. Then, the triple [y*T, { , }',h), with the bracket fl32|), is a Lie 
subalgebroid of the cotangent Lie algebroid (T*M, { , }p, j}p). 

Proof. The bracket { , }p is given by (Q) with H replaced by ftp, and, since 
$p\e* = h, we have Va,j3 G fl^ 

{a,(3} P = {a,(3} = {a,(3}'. 

Then, ( |3"3"| ) implies 

{fa,g(3} P = {fa,gf3}', Vf,g G C°°(M), Va, (3 G 

Q.e.d. 

Now, let us notice that there exist an inclusion and a splitting morphism 
of Lie algebroids 

(39) l : v*T ^ T*M, tt = p E * : T*M ^v*T (tt o i = id), 

where p E * is the projection onto E* in the decomposition T*M = E* ©T*JF. 

Proposition 3.4 Under the hypotheses of Proposition [5T5| ; the projection tt 
induces an injection tt* of the de Rham cohomology of the Lie subalgebroid 
v*T into the Lichnerowicz-Poisson cohomology of (M,P). For any complex 
vector bundle S over M, the Lichnerowicz-Poisson Chern classes c% p (S) be- 
long to the image of the injection tt* . 

Proof. For the definition of the de Rham cohomology of Lie algebroids, 
see || ; the Lichnerowicz-Poisson cohomology is the de Rham cohomology of 
the cotangent Lie algebroid T*M of the Poisson manifold (M,P) (e.g., f|TT|t). 
These definitions show the existence of homomorphisms 

HLr^JM) £ H* LP (M,P) £ H*(v*F), 
tfdeRhaJM) £ H*{u*T) £ H* LP (M,P), 
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where the morphisms are naturally induced by j\ = §p,j2 — h,i,ir. (For 
instance, at the level of cochains we define 

(j 2 *A)( ai , a k ) = \{H ai , Ha k ), (A G Q k (M), a u ...,a k e VET), 

etc.) The following relations are obvious: i*oj{ = ir*oj% = j*, i*on* = id. 
The last one shows that it* is injective; the others were mentioned for a later 
utilization. 

Now, we remind that the Lichnerowicz-Poisson Chern classes are the j\- 
image of the real Chern classes. Representatives of c k p (S) are obtained by 
evaluating Chern- Weil polynomials on the curvature of an arbitrary con- 
travariant derivative P D on S (i.e., a connection of the Lie algebroid T*M on 
S) like in the usual Chern- Weil theory [11]. In particular, if h D is a connection 
of the Lie algebroid v*T on S then 

(40) p D a s = h D na s 

is a contravariant derivative on S, and, if C denotes curvatures, one has 

(41) Cpd = TX* Ch£ )l 

where it* is used at the level of cochains. Now, the same procedure of eval- 
uating Chern- Weil polynomials on curvature applied to Ch D yields Chern 
classes c k (S) G H 2k (u*J-'), which are the jg-images of the real Chern classes. 
Furthermore, (gj) shows that c% p (S) = rr*c^(S). Q.e.d. 

Corollary 3.1 Let h be a tame hamiltonian structure and let P be the bivec- 
tor field of the Poisson brackets { , }'. Then, there exists a prequantization 
bundle of the h-Poisson bracket iff i*[P] G j^(H 2 (M, Z)). 

Proof. [P] G H 2 P (M,P) is the co homology class defined by the cocycle P. 
We refer the reader to ]TI|] for the geometric quantization theory involved in 
the corollary. Since P defines the same Poisson brackets as h, the existence of 
a prequantization bundle implies [P] = j*(C) f° r some ( G H 2 (M, Z), which 
implies t*[P] = i|(0- Conversely, if this condition is satisfied, and if (as a 
consequence of (^)) we see the Kostant-Souriau prequantization formula as 

(42) f(s) = h D d , f s + 2nV^l fs, s G TK, 

where K is the required prequantization bundle, the Dirac quantization prin- 
ciple implies that c\{K) = l*[P]. Since we assumed that t*[P] is an integral 
cohomology class, K exists. Q.e.d. 
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Now, let us consider the case of a transversal hamiltonian structure h on 
(M, J 7 ), and fix an image extension E. In this case, we may still see the cross 
sections of A k E as a kind of generalized cochains with a coboundary 8^ = 8 
defined by 

k 

(43) (8Q)(a , a k ) = J2(-lYH(a)(Q(a , a*, a fc )) 

8=0 

+ 51 ( _1 ) l+J( 5({ a; i> %}'> «o, -,a k ), 
i<j=i 

where Q G A k E, ati G (z = 0, k), and the hat denotes the absence of 
the corresponding argument. 

If we denote 8 2 = o <jw ; a straightforward computation yields 

fc+i 

(44) (8 2 Q)(a ,...,a k+1 ) = ^ (-l) i+J A^, aj )(Q(a , d i; 

i<j=l 

fc+1 

...,a j ,...,a k+1 )) + £ £ H>"K 

i<j<k=2 Cycl(i,j,k) 

a , dj, &j, dfc, ajfe+i), 

where 

(45) A h {oi, a,) := H({oi, a,}') - H{a j )}. 

Since 5 2 ^ 0, we can only define the twisted cohomology spaces (e.g., fLOf ) 

u ker 8^ 

(46) := im5(*-Dn ker 

For instance, by straightforward computations one gets 

Hl W = {/ e C»(M) / AJ = 0}, fliw = ^Igig^ . 

J f 

But, if we define W G T A 2 E by W'(d'f,d'g) = {f,g}', we do not get a 
co cycle since 

(SW)(<ff,<tg,<rk) = -2 £ {{/.p}',*}', 

Cyd(i,j,fc) 
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and the Jacobi identity may not hold. 

Several interpretations of twisted cohomology as a usual cohomology exist 
(e.g., |K|). For instance, the subspaces C k (h) = ker(#( fc+1 ) o with the 
coboundary 5 constitute a usual cochain complex C(h), and H^ w {h) are the 
usual cohomology spaces of C(h). 

On the other hand, since the Poisson bracket { , }' defines a repre- 
sentation of the Lie-Poisson algebra Q d of distinguished functions on the 
space ftp of foliated functions, we get corresponding cohomology spaces 
H* d {h) := H*(tt d ,Q%). Then, the cochains 

c(h, h) = Q(d'h, d'f k ), Q e r A fc E, A, . . . , f k e Q% 

with values in and the coboundary (143|) define the cochain complex of 
projectable cross sections of AE with the Lichnerowicz-like coboundary (see 
||TT]] ) 5Q = — PrAi=+i E [W, Q] (p denotes the projection), where W defines the 
/i-Poisson bracket of foliated functions, and [ , ] is the Schouten-Nijenhuis 
bracket. We may say that the cohomology spaces, say Hl Pb (h), of this com- 
plex are the basic Lichnerowicz-Poisson cohomology spaces of h. The re- 
striction of the cochain W to distinguished functions is W, and we have a 
fundamental class [W] G Hl Pb {h). 

Now, remember that a foliated manifold also has basic de Rham cohomol- 
ogy spaces H b (M, J 7 ) 0, defined as the cohomology spaces of the complex 
(Qjr, d), and there exist natural homomorphisms 

<p : H* b {M,T) -> # d * cRham (M), V : H* b (M,F) - H* LPb (h), 

induced by inclusion and h, respectively. 

These facts have the following consequences for geometric quantization. 
Assume that [W] = where <p[<&] is an integral de Rham cohomology 
class. Then $ G is a closed 2-form with integral periods, such that 

(47) {f, g y = <S>(X' f ,X' g ), vf, g en° d . 

Accordingly, there exists a Hermitian line bundle K over M with a connection 
V of curvature 27r^/— T$, and the Kostant-Souriau formula 

(48) fs = V Xf s + 2TrV^lfs 

provides a prequantization such that the Dirac principle holds for distin- 
guished functions but, generally, not for arbitrary functions (use (0)). The 
transitive case, i.e., presymplectic manifolds, was discussed in [[|. 
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